The main aim of this paper is to consider various notions of (dense) disjoint Li-Yorke chaos for general sequences of multivalued linear linear operators in Fréchet spaces. We also consider continuous analogues of introduced notions and provide certian applications to the abstract partial differential equations.
Introduction and Preliminaries
Assume that X is a Fréchet space. A linear operator T on X is said to be hypercyclic iff there exists an element x ∈ D ∞ (T ) ≡ n∈N D(T n ) whose orbit {T n x : n ∈ N 0 } is dense in X; T is said to be topologically transitive, resp. topologically mixing, iff for every pair of open non-empty subsets U, V of X, there exists n 0 ∈ N such that T n0 (U ) ∩ V = ∅, resp. there exists n 0 ∈ N such that, for every n ∈ N with n ≥ n 0 , T n (U ) ∩ V = ∅. A linear operator T on X is said to be chaotic iff it is topologically transitive and the set of periodic points of T, defined by {x ∈ D ∞ (T ) : (∃n ∈ N) T n x = x}, is dense in X. For more details about topological dynamics of linear operators in Banach and Fréchet spaces, we refer the reader to the monographs [2] by F. Bayart, E. Matheron and [14] by K.-G. Grosse-Erdmann, A. Peris. Definition 1.1. We say that the sequence (A j ) j∈N isX-Li-Yorke chaotic if there exists an uncountable set S ⊆ j∈N D(A j ) X such that for every pair (x, y) ∈ S × S of distinct points and for every integer j ∈ N there exist elements x j ∈ A j x and y j ∈ A j y so that lim inf j→∞ d Y x j , y j = 0 and lim sup j→∞ d Y x j , y j > 0.
In this case, S is called aX-scrambled set for (A j ) j∈N and each such pair (x, y) is called aX-Li-Yorke pair for (A j ) j∈N . We say that (A j ) j∈N is denselyX-Li-Yorke chaotic if S can be chosen to be dense inX.
We refer the reader to [7] and [18] for the notion of Li-Yorke (semi-)irregular vectors. Any notion introduced above is accepted also for a single linear continuous operator T : D(T ) ⊆ X → X by using the sequence (T j ≡ T j ) j∈N for definition. Finally, ifX = X, then we remove the prefix "X-" from the terms and notions.
Li-Yorke chaos for translation semigroups in weighted function spaces have been considered for the first time by X. Wu in [23] , who proved that the strongly continuous translation semigroup (T (t)) t≥0 is Li-Yorke chaotic on L p ρ ([0, ∞)) iff lim inf t→+∞ ρ(t) = 0, provided in advance that the function ρ is bounded from above; in this case, being Li-Yorke chaotic and hypercyclic for (T (t)) t≥0 is the same. This is no longer the case if the function ρ is not bounded from above, when there exists a strongly continuous translation semigroup that is Li-Yorke chaotic but not hypercyclic. We use the standard terminology throughout the paper. We assume that X and Y are two non-trivial Fréchet space over the same field of scalars K ∈ {R, C} as well as that the topologies of X and Y are induced by the fundamental systems (p n ) n∈N and (p Y n ) n∈N of increasing seminorms, respectively (separability of X or Y is not assumed a priori in future). Then the translation invariant metric d : X × X → [0, ∞), defined by 
is a seminorm on R(C) and the calibration (p C n ) n∈N induces a Fréchet locally convex topology on R(C); we shall denote this space simply by
Starting point for the genesis of this paper is the following theorem, which can be deduced following the method developed in the proof of [5, Theorem 15] and our previous considerations of dense (disjoint, reiterative) m n -distributional chaos contained in the papers [9] and [20]- [21] ; from the sake of completeness, we will outline the main details of proof a little bit later:
, X 0 is a dense linear subspace of X, (m n ) ∈ R as well as:
(i) lim k→∞ T j,k x = 0, x ∈ X 0 , j ∈ N N ; (ii) there exist a vector y ∈ X and an increasing sequence (n k ) tending to infinity such that
Then there exist a dense submanifold W of X consisting of those vectors x which are (d, m n )-distributionally near to zero of type 1 for ((T j,k ) k∈N ) 1≤j≤N and for which there exists a strictly increasing subsequence (l k ) of (n k ) such that the sequence (p m (T j,l k x)) k∈N tends to +∞ for all j ∈ N N [( T j,l k x Y ) k∈N tends to +∞ for all j ∈ N N , provided that Y is a Banach space]. In particular, ((T j,k ) k∈N ) 1≤j≤N is densely (d, W, 1, 1)-Li-Yorke chaotic.
We will use the following notions of lower and upper densities for a subset A ⊆ N :
, and let (m n ) be an increasing sequence in [1, ∞) . Then: (i) The lower (m n )-density of A, denoted by d mn (A), is defined through:
n ;
(ii) The upper (m n )-density of A, denoted by d mn (A), is defined through:
(iii) The lower l; (m n )-Banach density of A, denoted shortly by Bd l;mn (A), as follows Denote by R the class consisting of all increasing sequences (m n ) of positive reals satisfying lim inf n→∞ mn n > 0, i.e., there exists a finite constant L > 0 such that n ≤ Lm n , n ∈ N. Unless stated otherwise, we will always assume that (m n ) ∈ R henceforth. The assumption m n ∈ N for all n ∈ N can be made.
We will use the following notion from [21] :
Suppose that, for every j ∈ N N and k ∈ N, A j,k :
Then we say that x is (reiteratively) (d, m n )-distributionally near to 0 of type 1 for ((A j,k ) k∈N ) 1≤j≤N iff there exists A ⊆ N such that (Bd l;mn (A c ) = 0) d mn (A c ) = 0 as well as for each j ∈ N N and k ∈ N there exists x j,k ∈ A j,k x such that lim k∈A,k→∞ x j,k = 0, j ∈ N N .
1.1. Strongly continuous semigroups induced by semiflows. Let us recall that the space L p (X, µ), resp. C 0,ρ (X), where X is a locally compact, σ-compact Hausdorff space, p ∈ [1, ∞) and µ is a locally finite Borel measure on X, resp., X is a locally compact, Hausdorff space and ρ : X → (0, ∞) is an upper semicontinuous function. In this paper, we will consider the spaces L p ρ1 (Ω) and C 0,ρ (Ω), where Ω is an open non-empty subset of R n . Here, ρ 1 : Ω → (0, ∞) is a locally integrable function, the norm of an element f ∈ L p ρ1 (Ω) is given by ||f || p := ( Ω |f (x)| p ρ 1 (x) dx) 1/p and dx denotes Lebesgue's measure on R n . Recall that, for a given upper semicontinuous function ρ : Ω → (0, ∞), the space C 0,ρ (Ω) consists of all continuous functions f : Ω → C satisfying that, for every ǫ > 0, {x ∈ Ω : |f (x)|ρ(x) ≥ ǫ} is a compact subset of Ω; equipped with the norm ||f || := sup x∈Ω |f (x)|ρ(x), C 0,ρ (Ω) becomes a Banach space. Put, by common consent, sup x∈∅ ρ(x) := 0 and denote by C c (Ω) the space of all continuous functions f : Ω → C whose support is a compact subset of Ω. It is well known that C c (Ω) is dense in both spaces, L p ρ1 (Ω) and C 0,ρ (Ω). Assume that n ∈ N, Ω is an open non-empty subset of R n and ∆ is [0, ∞) or R. Let us recall that a continuous mapping ϕ : ∆ × Ω → Ω is called a semiflow iff ϕ(0, x) = x, x ∈ Ω,
Denote by ϕ(t, ·) −1 the inverse mapping of ϕ(t, ·), i.e.,
Given a number t ∈ ∆, a semiflow ϕ : ∆ × Ω → Ω and a function f :
We refer the reader to [18] for the necesaary and sufficient conditions stating when (T ϕ (t)) t∈∆ is a C 0 -semigroup in L p ρ1 (Ω) or C 0,ρ (Ω). As in [18] , we will use the following condition: (D) For every compact subset K of Ω, there exists t 0 > 0 such that ϕ(t, Ω)∩K = ∅, t ≥ t 0 .
Then, for every f ∈ X 0 := C c (Ω), there exists t 0 > 0 such that T ϕ (t)f = 0 for t ≥ t 0 .
From [18] , we know the following:
is a continuously differentiable function for all t ≥ 0, (D) holds, and (T ϕ (t)) t≥0 is a strongly continuous semigroup on L p ρ1 (Ω). Set C t := {x ∈ Ω : Det Dϕ(t, ·) = 0} and Ω t :
(ii) Let ϕ : [0, ∞)×Ω → Ω be a semiflow, let (T ϕ (t)) t≥0 is a strongly continuous semigroup on C 0,ρ (Ω), and let (D) hold.
≤ C for all x ∈ Ω = +∞.
Disjoint Li-Yorke chaos, disjoint Li-Yorke irregular vectors and manifolds
Let ǫ > 0, and let (x j,k ) k∈N and (y j,k ) k∈N be sequences in X (1 ≤ j ≤ N ). Consider the following conditions:
Now we are ready to propose the following definitions:
Then we say that the sequence ((A j,k ) k∈N ) 1≤j≤N is disjoint (X, m n , 1, i)-Li-Yorke chaotic, (d,X, m n , 1, i)-Li-Yorke chaotic in short, resp. disjoint (X, m n , 2, i)-Li-Yorke chaotic, (d,X, m n , 2, i)-Li-Yorke chaotic in short, iff there exists an uncountable set S ⊆ N j=1 ∞ k=1 D(A j,k ) ∩X such that for each ǫ > 0 and for each pair x, y ∈ S of distinct points we have that for each j ∈ N N and k ∈ N there exist elements x j,k ∈ A j,k x and y j,k ∈ A j,k y such that (2.1) and (2.i+2) hold, resp. (2.2) and (2.i+2) hold.
Let s ∈ N 2 . Then we say that the sequence ((A j,k ) k∈N ) 1≤j≤N is densely (d,X, m n , s, i)-Li-Yorke chaotic iff S can be chosen to be dense inX. A finite sequence (A j ) 1≤j≤N of MLOs on X is said to be (densely) (d,X, m n , s, i)-distributionally chaotic iff the sequence (
); in the case thatX = X, then we also say that the sequence (
X such that for each ǫ > 0 and for each pair x, y ∈ S of distinct points we have that for each j ∈ N N and k ∈ N there exist elements x j,k ∈ A j,k x and y j,k ∈ A j,k y such that (2.1) and (2.i+2) hold, resp. (2.2) and (2.i+2) hold.
Let s ∈ N 2 . Then we say that the sequence ((A j,k ) k∈N ) 1≤j≤N is densely (d,X, s, i)-Li-Yorke chaotic iff S can be chosen to be dense inX.
); in the case thatX = X, then we also say that the sequence
Consider, in place of conditions (2.1)-(2.2), the following ones with σ > 0:
Albeit not such important in our further investigations in comparision with Definition 2.6 and Definition 2.2, we will also introduce the following Let s ∈ {3, 4} and i ∈ N 2 . Then we say that the sequence ((A j,k ) k∈N ) 1≤j≤N is densely (d,X, s, i)-Li-Yorke chaotic iff S can be chosen to be dense inX. A finite sequence (A j ) 1≤j≤N of MLOs on X is said to be (densely) (d,X, s, i)-distributionally chaotic iff the sequence ((A j,k ≡ A k j ) k∈N ) 1≤j≤N is. The set S is said to be (d, σX , s, i)-Li-Yorke scrambled set ((d, σ, s, i)-Li-Yorke scrambled set in the case thatX = X) of ((A j,k ) k∈N ) 1≤j≤N ((A j ) 1≤j≤N ); in the case thatX = X, then we also say that the sequence ( In [20] we have proved that the operators λ 1 T and λ 2 T are not (d, i)-distributionally chaotic iff i = 1 or i = 7. On the other hand, it can be easily checked that the operators λ 1 T and λ 2 T cannot be (d, X, 2, 3)-Li-Yorke chaotic.
For orbits of linear continuous operators in Banach spaces, it is worth noting that the following equivalence relations hold: Proposition 2.5. Suppose that X is a Banach space and T j ∈ L(X) for all j ∈ N N . Then the following statements are mutually equivalent:
(i) There exist two strictly increasing sequences (l k ) and (s k ) of positive integers and vector x ∈ X such that lim k→∞ T s k j x = 0 and lim k→∞ T l k j x = +∞ (j ∈ N N ). 
are empty, finishing the proofs of (2.10)-(2.11).
2.1. Disjoint Li-Yorke irregular vectors and manifolds. For any type of disjoint Li-Yorke chaos introduced above, we can define corresponding notion of disjoint semi-Li-Yorke irregular vectors and disjoint Li-Yorke irregular vectors. Consider the following conditions: the same as (2.1) with the term x j,l k − y j,l k replaced therein with x j,l k ; (2.12) the same as (2.1) with the terms x j,l k − y j,l k and lim k→∞ p Y m x j,l k − y j,l k = +∞ replaced therein with x j,l k and lim k→∞ p Y m x j,l k − y j,l k > 0, respectively; Now we are ready to introduce the following notion: Definition 2.6. Let i ∈ N 2 and (m n ) ∈ R. Suppose that, for every j ∈ N N and k ∈ N, A j,k : D(A j,k ) ⊆ X → Y is an MLO,X is a closed linear subspace of X, and x ∈ j∈NN k∈N D(A j,k ) ∩X. Then we say that: Let {0} = X ′ ⊆X be a linear manifold.
d1. Suppose i, j ∈ N 2 and (m n ) ∈ R. Then we say that X ′ is a (d,X, m n , i, j)-
; the notion of a ((d, i, j)-, (d,X, i, j)-)Li-Yorke (semi-)irregular manifold for (A j ) 1≤j≤N is defined similarly. We have the following:
If X ′ is dense inX, then the notions of dense ((d, m n , i, j)-, (d,X, m n , i, j)-)Li-Yorke (semi-)irregular manifolds, (d, i, j)-, (d,X, i, j)-)Li-Yorke (semi-)irregular manifolds, etc., are defined analogically.
It can be simply verified by a great number of concrete and very plain examples that the notions of (d,X, m n , i, j)-Li-Yorke chaos and (d,X, m n , i 1 , j 1 )-Li-Yorke chaos differ if (m n ) ∈ R, i, i 1 , j, j 1 ∈ N 2 and (i, j) = (i 1 , j 1 ), as well as that the notions of (d,X, i, j)-Li-Yorke chaos and (d,X, i 1 , j 1 )-Li-Yorke chaos differ if i, i 1 ∈ N 2 , j, j 1 ∈ {3, 4} and (i, j) = (i 1 , j 1 ). The counterexamples exist even for general sequences of linear continuous operators on finite-dimensional spaces, for which it is also clear that they can have (d,X, m n , i, j)-Li-Yorke semi-irregular vectors but not any (d,X, m n , i, j)-Li-Yorke irregular vector (take, for example, X := Y := K n , T j := 0 for even j ′ s and T j := 2I for odd j ′ s). Two real problems are: Problem 2.8.
(i) Let (m n ) ∈ R and i, j ∈ N 2 . Does there exist a tuple (T j ) 1≤j≤N of linear continuous operators on an infinite-dimensional space X admitting a (d,X, m n , i, j)-Li-Yorke semi-irregular vector and its neighborhood which does not contain any (d,X, m n , i, j)-Li-Yorke irregular vector for (T j ) 1≤j≤N ? (ii) Let i ∈ N 2 and j ∈ {3, 4}. Does there exist a tuple (T j ) 1≤j≤N of linear continuous operators on an infinite-dimensional space X admitting a (d,X, i, j)-Li-Yorke semi-irregular vector and its neighborhood which does not contain any (d,X, i, j)-Li-Yorke irregular vector for (T j ) 1≤j≤N ?
In connection with the above problems, we would like to note that for a continuous linear operator T ∈ L(X) any neighborhood of aX-Li-Yorke semi-irregular vector for T contains aX-irregular vector for T, provided that {T j x : j ∈ N 0 } ⊆X (see [7, Lemma 7, Theorem 8] and [18, Definition 2.2] for the notion, as well as [18, Lemma 3.5, Remark 3.6, Theorem 3.7] for a continuous analogue). Unfortunately, the proof of [7, Lemma 7] cannot be recovered for disjointness, to our best knowledge, and we must follow some other approaches for solving Problem 2.8.
Concerning the notion introduced in Definition 2.3, the corresponding notion of disjoint Li-Yorke irregular vectors and (uniform) disjoint Li-Yorke irregular manifolds can be also accompanied. The main difference is the use of notion of (d, m n )distributionally m-unbounded vectors of type 1 for ((A j,k ) k∈N ) 1≤j≤N and m ndistributionally m-unbounded vectors for ((A k ) k∈N ) in place of conditions analyzed in the equations (2.12) or (2.14); see [21] for more details. For the sake of brevity and better exposition, we will skip all related details about this subject.
We proceed by inserting the proof of Theorem 1.2: Proof of Theorem 1.2. The proof is very similar to that of [5, Theorem 15] and we will only outline the main details. It suffices to consider the case in which X and Y are Fréchet spaces whose topology is induced by a countable system of seminorms because otherwise we can endow Y (or X, if it is a Banach space) with the following increasing family of seminorms p Y n (y) := n y Y (n ∈ N, y ∈ Y ), which turns the space Y into a linearly and topologically homeomorphic Fréchet space. So, let it be the case. Then it is clear that, for every j ∈ N N and l, k ∈ N, there exist finite numbers c j,l,k > 0 and a j,l,k ∈ N such that p Y l (T j,k x) ≤ c j,k,l p a j,k,l (x), x ∈ X, k, l ∈ N, j ∈ N N . Introducing recursively the following fundamental system of increasing seminorms p ′ n (·) (n ∈ N) on X :
p ′ n (x) + c j,1,n p aj,1,n (x) + · · · + c j,n,1 p aj,n,1 (x) + p n+1 (x) , x ∈ X,
we may assume without loss of generality that p l Y (T j,k x) ≤ p k+l (x) for all x ∈ X, j ∈ N N and k, l ∈ N. (2.18) Furthermore, we may assume without loss of generality that m = 1. Then we can construct a sequence (x l ) l∈N in X 0 and a strictly increasing sequence (k l ) k∈N of positive integers such that, for every l ∈ N, one has: p l (x l ) ≤ 1, p Y 1 (T j,n k l x l ) > l2 l an p l Y (T j,k x s ) < 1/l, provided j ∈ N N , s = 1, · · ·, l − 1 and k ≥ m k l +1 /l. Take any strictly increasing sequence (r q ) q∈N in N \ {1} such that r q+1 ≥ 1 + r q + m n k rq +1 + n kr q +1 for all q ∈ N. (2.19) Let α ∈ {0, 1} N be a sequence defined by α s = 1 iff s = r q for some q ∈ N. Further on, let β ∈ {0, 1} N contains an infinite number of 1 ′ s and let β q ≤ α q for all q ∈ N. If β rq 0 = 1 for some q 0 ∈ N and x β = ∞ q=1 β rq x rq /2 rq , then with k = n kr q 0 and j ∈ N N , we have 1 + k = 1 + n kr q 0 ≤ r q0+1 for q > q 0 , k ≥ m kr q for q < q 0 and p rq+1 Y (T j,k x s ) < 1/(r q + 1) for s < r q0 , as well as:
for s < r q0 + 1, which holds provided that k ≥ m kr q 0 +1+1 /(r q0 + 1), then we have 1 + r q0 + k ≤ 1 + r q0 + m kr q 0 +1 ≤ r q+1 due to (2.19 ) and therefore
which clearly implies that
The final statement of theorem now follows similarly as in the proofs of [5, Theorem 15] and [11, Theorem 4.1] . Now we will state the following corollary of Theorem 1.2:
Corollary 2.9. Suppose that X is separable, ((T j,k ) k∈N ) 1≤j≤N is a sequence in L(X, Y ), X 0 is a dense linear subspace of X, and lim k→∞ T j,k x = 0, x ∈ X 0 , j ∈ N N . Then the following statements are equivalent:
Proof. For the proof of implication (i) ⇒ (ii), it suffices to observe that the assumption d mn (A) = 0 for some (m n ) ∈ R and A ⊆ N implies Bd l;mn (A) = 0 (if we suppose the contrary, the set A needs to be syndetic [22] and therefore d mn (A) > 0, which contradicts our assumption). The implications (ii) ⇒ (iii) ⇒ (iv) are trivial, while the implication (iv) ⇒ (i) follows from an application of Theorem 1.2.
It is worth noting that Corollary 2.9 can be applied in the analysis of multiplication operators and their adjoints in Hilbert spaces.
Applications to abstract PDEs
The main aim of this section is to continue the research raised in [18] concerning Li-Yorke chaotic solutions of abstract PDEs of first order. In contrast with the above-mentioned article, we consider here Li-Yorke chaotic solutions of abstract fractional PDEs as well. For the sake of brevity, we will consider only continuous counterpart of disjoint (X, m n , 1, 1)-Li-Yorke chaos here, which will be called disjoint (X, f, 1, 1)-Li-Yorke chaos (cf. [11] and [21] for the notion of disjoint reiterativẽ X f -distributional chaos and certain applications to abstract PDEs).
Suppose that T (t) : D(T (t)) ⊆ X → Y is a linear possibly not continuous mapping (t ≥ 0). By Z(T ) we denote the set consisting of those vectors x ∈ X such that x ∈ D(T (t)) for all t ≥ 0 as well as that the mapping t → T (t)x, t ≥ 0 is continuous. Denote by m(·) the Lebesgue measure on [0, ∞) and by F the class consisting of all increasing mappings f : [0, ∞) → [1, ∞) satisfying that lim inf t→+∞ f (t) t > 0. We will use the following continuous counterpart of Definition 1.3: (ii) The lower f -density of A, denoted by d f (A), is defined through:
Consider the following condition:
and lim k→∞ x j,t k − y j,t k = +∞, j ∈ N N , provided that Y is a Banach space.
(3.1) Definition 3.2. Suppose thatX is a non-empty subset of X, T j (t) : D(T j (t)) ⊆ X → Y is a linear possibly not continuous mapping (t ≥ 0, j ∈ N N ) and f ∈ F. If there exist an uncountable set S ⊆ j∈NN Z(T j ) ∩X and m ∈ N, in the case that Y is a Fréchet space, such that (3.1) holds and for each ǫ > 0 and for each pair x, y ∈ S of distinct points we have that
then we say that the tuple ((T j (t)) t≥0 ) 1≤j≤N is disjoint (d,X, f, 1, 1)-Li-Yorke chaotic ((d, f, 1, 1 )-Li-Yorke chaotic, ifX = X). Furthermore, we say that the tuple ((T j (t)) t≥0 ) 1≤j≤N is densely (d,X, f, 1, 1)-Li-Yorke chaotic iff S can be chosen to be dense inX. The set S is said to be (d, σX f )-Li-Yorke scrambled set ((d, σ f )-scrambled set in the case thatX = X) of ((T j (t)) t≥0 ) 1≤j≤N .
If q ≥ 1 and f (t) := 1 + t q (t ≥ 0), then we particularly obtain the notions of (dense) disjointX q -Li-Yorke chaos, (dense) disjoint q-Li-Yorke chaos, (d, σX q )-Li-Yorke scrambled set and (d, σ q )-Li-Yorke scrambled set for ((T j (t)) t≥0 ) 1≤j≤N .
The main result for applications is the following continuous counterpart of Theorem 1.2; the proof can be deduced similarly and therefore omitted: Theorem 3.3. Suppose that X is separable, m ∈ N, f ∈ F, ((T j (t)) t≥0 ) 1≤j≤N is a sequence of strongly continuous operator families in L(X, Y ), X 0 is a dense linear subspace of X, as well as:
(i) lim t→∞ T j (t)x = 0, x ∈ X 0 , j ∈ N N ; (ii) there exist a vector y ∈ X and an increasing sequence (t ′ k ) tending to infinity such that lim k→∞ p Y m (T j (t ′ k )y) = +∞, j ∈ N N [lim k→∞ T j (t ′ k )y Y = +∞, j ∈ N N , provided that Y is a Banach space]. Then there exist a dense submanifold W of X consisting of those vectors x which are disjoint f -distributionally near to zero for ((T j (t)) t≥0 ) 1≤j≤N , in the sense that for each number ǫ > 0 we have that (3.2) holds with y = 0, and for which there exists a strictly increasing subsequence (t k ) of (t ′ k ) tending to infinity such that the sequence (p m (T j (t k )x)) k∈N tends to +∞ for all j ∈ N N [( T j (t k )x Y ) k∈N tends to +∞ for all j ∈ N N , provided that Y is a Banach space]. In particular, the tuple ((T j (t)) t≥0 ) 1≤j≤N is densely (d, W, f, 1, 1)-Li-Yorke chaotic.
Remark 3.4. Suppose that X and Y are Banach spaces as well as that the tuple ((T j (t)) t≥0 ) 1≤j≤N of strongly continuous operator families in L(X, Y ) satisfies (i) and lim t→∞ N j=1 T j (t) L(X,Y ) = +∞.
Considering the operators T (t) : X N → Y N defined by T (t)(x 1 , · · ·, x N ) := (T 1 (t)x 1 , · · ·, T N (t)x N ) for t ≥ 0 and x 1 , · · ·, x N ∈ X, it can be simply proved that there exist a strictly increasing sequence (t k ) of positive real numbers and a vector (x 1 , · · ·, x N ) ∈ X N such that lim k→∞ [ T 1 (t k )x 1 Y + · · · + T N (t k )x N Y ] = +∞. But, this does not imply the validity of condition (ii) in Theorem 3.3.
Remark 3.5. The condition (ii) in Theorem 3.3 is satisfied in many concrete cases in which there exists a vector y ∈ X such that lim t→∞ p Y m (T j (t)y) = +∞, j ∈ N N ; but, in this case, for each sequence (m n ) ∈ R the tuple ((T j (t)) t≥0 ) 1≤j≤N will be densely (d, m n )-distributionally chaotic in the sense of [21] , which is a much stronger notion than that of disjoint Li-Yorke chaos. A concrete example for abstract fractional PDEs can be simply constructed. Suppose that 0 < α < 2 and for each j ∈ N N we have that (T j (t)) t≥0 ⊆ L(X) is an α-times C-regularized resolvent family with the integral generator A j , as well as that R(C) is dense in X and there exist a vector x ∈ X and a number λ j ∈ Σ απ/2 such that A j x = λ j x; see [16] for the notion. Then, due to [16, Lemma 3.3.1], for each j ∈ N N we have that T j (t)x = E α (t α λ j )Cx, t ≥ 0, so that the asymptotic expansion formulae for the Mittag-Leffler functions [16] show that Theorem 3.3 can be applied with new pivot spaces [R(C)], Y, vector Cx and any increasing sequence (t k ) tending to infinity.
